
in terpreta t ions  of molecular  forces  if the field for  a polar gas is replaced by an effective sy m m et r i c a l  field. 
On the one hand, this is confirmed by our calculations for T0(T) for  water  vapor,  including those with the 
molecular  potentials of [6], w h i c h w e r e  der ived f rom the p - - V - - T  data (curve 7 of Fig.  1). The  deviations 
f rom (1) a r e  up to  3-57o, and they increase  toward high and low t e m p e r a t u r e s .  On the other hand, these  de-  
viations a r e  compara t ive ly  smal l ,  so  o n e c a n  say  that one gets reasonably  sa t i s fac tory  resul ts  within the 
f ramework  of the Chapman--  Enskog theory  by using various types Of exper imenta l  data with a reasonably  
rea l i s t i c  potential .  

NOTATION 

T,  t e m pe r a tu r e ;  T0(T), zero-dens i ty  dynamic viscosi ty;  T c r  = 647.27~ ai ,  in terpolat ion pa rame te r s  
for  viscosi ty;  T *  = kT /e ,  reduced t empera tu re ;  W~ = 1/(A~?0i) 2, s ta t is t ical  weight; A~0j = 5~^.~0j, absolute 

j J . ~ $  ,~ ' J U ]  

e r r o r ;  5~=, re la t ive  e r r o r ;  i ,  ~/k, ~, 5, ~,  p a r a m e t e r s  of potentials;  ~l~ 2.2! (T~), reduced coll is ion integral;  bi, 
p a r a m e t e r s  of interpolat ion formula  for  coll is ion in tegra ls  ~(2-2)'~(T*); r* = r/if,  reduced in te rnuc lear  distance; 

* 2 * �9 * *  * 6 = ~/[2(e/k)0%] , reduced dipole moment;  7 = 2a/%; 2a, dzameter  of spher ica l  core;  6 = 5 G(01, 02, ~); 
G(01, 02, @) = 2 cos 01 cos 02 - sin 01 sin 02 cos r function incorporat ing the effects  of dipole orientation; T~ = 
T/(e/k)0,  reduced t empera tu re ;  a * = ~ / ~ ,  reduced molecu la r  polar izabi l i ty .  
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A C C U R A C Y  O F  A O N E - D I M E N S I O N A L  A P P R O X I M A T I O N  

F O R  D O U B L E  R O D S  

I .  E .  Z i n c  a n d  Y u .  A .  S o k o v i s h i n  UDC 536.24.02 

Limits of applicabili ty of one-dimensional  models in computing t empera tu re s  in two- layered  
rods a r e  established on the basis of comparing the one-dimensional  approximat ion with the exact 

�9 two-dimensional  solut ion.  

To  solve heat-conduct ion problems in cyl indr ical  a r m a t u r e  elements of constant and var iable  cross  
sect ion,  a one-dimensional  approximat ion method is used. The one-dimensional  approximation yields s a t i s -  
fac tory  resu l t s  for  homogeneous rods with low values of the Blot c r i t e r ion  [1]. The limits of a possible appl i -  
cation of this method we re  established in [2] in an example of a solid homogeneous cyl inder .  Meanwhile, 
s t r i c t  c r i t e r i a  for  double rods consist ing of heterogeneous mater ia ls  a re  completely absent .  

In o rde r  to es tabl ish admiss ib le  quantitative limits for  the applicabili ty of the one-dimensional  approxi-  
mation method for double rods ,  let us consider  a cylinder consist ing of heterogeneous mater ia ls  with the co-  
efficients of t he rma l  conductivity A1 and ?'2. The cyl inder  is heated at the base  and exchanges heat with the 
surrounding medium of t e m p e r a t u r e  T m via the side sur face  because  of convection and radiat ion with a total  
constant coefficient of heat emiss ion  c~. The end-face sur face  is considered heat- insulated,  which is the 
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T A B L E  1. Roots  /zn and Values 
the  Biot  C r i t e r i o n  for  ka  = 0.5 

/~1" for  Seve ra l  Values of 

1 k~= 0,1 I kk= 1,0 kk= 10,0 

Bi= 0,01 

Bi=0,05 

Bi = 0,1 

0,16051 
4,62023 
6,52822 

10,86038 
12,77635 
17,13139 
19,04629 

~=0,16063 

0,35769 
4,62253 
6,53856 

10,86142 
12,78169 
17,13206 
D,04988 

~=0,35921 

0,50371 
4,62537 
6,55146 

10,86272 
t2,78836 
17,13289 
19,05436 

~=0,50799 

0,14124 
3,83432 
7,01701 

10,17445 
13,32444 
16,47124 
19,61637 

F~=0,14142 

0,31426 
3,84473 
7,02271 

10,17838 
13,32744 
16,47366 
19,61841 

~=0,31623 

0,44168 
3,85771 
7,02982 

10,18329 
13,33120 
16,47670 
19,62096 

F~=0,44721 

0,07824 
2,95932 
7,52153 
9,47851 

13,87785 
15,80746 
20,18906 

F~=0,07845 

0,17313 
2,98448 
7,52304 
9,48581 

13,87868 
15,81180 
20,18963 

~:0,17540 

0,24172 
3,01553 
7,52493 
9,49493 

13,87971 
15,81724 
20,19034 

~=0,24807 

c h a r a c t e r i s t i c  mode  of opera t ion  of a d i f fe ren t  kind of edge in the  a r m a t u r e .  The  s t a t i o n a r y  d imens ion le s s  
t e m p e r a t u r e  u will  be d e t e r m i n e d  by the  Lap lace  equat ion 

Au~(r, z ) = O  ( i = l ,  2) 

and the  boundary  condit ions 

(i) 

o; 
u~(r, 0 ) = 1 ,  ui~(r, l ) = O  ( i = l ,  2), u2r(a, z ) + ~  u 2(a, z )=O.  (2) 

The  m e r g e r  condit ions a r e  a s s u r e d  by equal i ty  of the  t e m p e r a t u r e s  and heat  fluxes on the  boundary  of the 
inner  and outer  cy l inders  

U i (rl, z) = u z (rl, z), Xiuztr (rl, z) = ~.zu~r (ri, z). (3) 

The  p rob l em (1)-(3) ment ioned can be so tved  by s e p a r a t i o n  of va r i ab ies  

l - - z  

E ch ~,~ . a 
u(r ,  z ) =  A~ - - -  T " Rn(r),  (4) 

ch ~,, -- 
n =  1 a 

w h e r e  Pn a r e  the roo t s  of the  c h a r a c t e r i s t i c  equat ion 

= [kfll (k#) Yo (k#)  - -  Jo (k#) Yl (k#)] J0 (~) - -  Jo (kant) 
Bi [lexJ~ (kaY) Yo (kant) - -  J0 (k#) Y1 (ka,u)] J~ (~t) - -  Jo (k#) 

Jo (Fnr/a), 

1~ (r) = 
Jo (k# , j  Jo (t,t.r/a) - -  o)~Y o (,%r/a) 

Jo (k#n) - -  ~ (kaFn) 

J~ (ko~) (k~ - -  i) Yo (~) (5) 
J1 (k~t> (kx - -  1) Yi (tO ' 

O < r ~ q ,  

, q < r < a ,  

(6) 

,:or, = [Bi Jo ( F , 0  - -  ~,~J~ ( F , ~ ) ] / [ B i  ]To (F , , )  - -  F ,~Yx ( lar , ) ] .  

Using the  usual  method,  it can  be shown that  the  e igeafunct ions  of the  p rob l em Rn(r)  a r e  or thogonal  in the  in-  
t e r v a l  [0, a] with the  weight  

q(r) = { le~r, O < r < q  , 
r, rl ~ . r < a  
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and the heat ampli tudes  An a r e  given by the express ion  

2 Bi R,~ (a)l~ (7) 
A . =  k~ (k,--  1){J~ (k~,%) --k~J~ (~a~)t + (1 + Bi2/~,, ~) R~ (a) - 

To d e t e r m i n e  the t e m p e r a t u r e s  by means of (4)-(7) it is n e c e s s a r y  to know the roots  '~n of the t r a n s c e n -  
dental  equation (5). Numer ica l  values of the roots  #n a r e  presented  in the table  for  t h ree  cha rac t e r i s t i c  
values  of kh computed on an "M-220" type e lec t ronic  compute r .  Some values of the heat ampli tudes  and of 
the  quantit ies ~n a r e  presented  in [3]. 

In the one-d imens iona l  case ,  the p rob lem of heat t r a n s f e r  in a double rod in the case  when the t h e r m o -  
physica l  c h a r a c t e r i s t i c s  a r e  given functions of the t e m p e r a t u r e  r educe  to the  solution of the nonlinear d i f f e r -  
ential equation [1,4] 

dT (T__Tm) _~_ aeZ2 [ [ 1~_~_0__ 4] ( Trn ~, 4 ] d I(~1/1 § ~J,) - - ~ - - ]  = ctX, 
(s) 

--dz , - -  \ l i ~  ) ]' 
where  fl and f2 a r e  the r e s p e c t i v e  c r o s s - s e c t i o n a l  a r ea s  for  the inner and outer  cy l inders ,  and • is the outer  
p e r i m e t e r  of the c ross  sec t ion .  Fo r  a s tep  double red ,  (8) re ta ins  its f o rm for  each s tep,  and the conditions 
of equality of the t e m p e r a t u r e s  and heat fluxes in the plane separa t ing  the s teps a r e  added in the case  of an 
ideal t h e r m a l  contact .  I n t h e  case  of a double c i r cu l a r  rod,  i . e . ,  for fl = ~r2, f2 = ~'(a2 - -  r2), )/2 = 2~a,  the 
one-d imens ional  t e m p e r a t u r e  d is t r ibut ion  under app rop r i a t e  s impl i fy ing assumpt ions  re la t ive  to  the t h e r m o -  
physical  cha r ac t e r i s t i c s  and the radia t ion  heat exchange will sa t i s fy  (8), which is r ewr i t t en  as 

d2uone 2 Bi 
'2 k Uone= 0 (9) dz* [1 -+- ka ( ~ - -  1)]a ~ - 

with boundary conditions of the f o r m  (2), 

For  long reds  of modern  s t ruc tu r a l  ma te r i a l s  with heat exchange through the s ide  su r f ace  because  of 
f r ee  convect ion and radiat ion,  the c r i t e r ion  is ]3i << 1. Using the re la t ions  for ]3essel functions of the f i r s t  
and second kinds with sma l l  values of the a rguments  [5], the value of the f i r s t  root  of the cha r ac t e r i s t i c  
equation (5) #1" can be obtained taking account of the sma l lnes s  of the c r i t e r ion  Bi:  

~t*" 2 Bi/[1 ' 2 = T ka (k~. -- I)1. (10) 

Several values of the roots #~, computed by means of (I) for characteristic values of kit and Bi for k a = 0.5, 
are represented in Table 1. The values of #i* hence turn out to be close to the exact values of the f irst root 
of the eharacteristie equation (5), which permits successful utilization of (10)o Knowledge of the f irst root of 
an equation of the type (5) turns out to be especially important in the ease of the appropriate nonstationary 
problem, since this root governs the temperature change of the rod in the regular thermal mode. 

In the case of small Bi A I --" 1, An "-" 0 (n = ~, 3 . . . .  ) and R I (r) --- 1 so that the solution of the two-di- 
mensional prob lem (4) acqui res  for~small  Bi the fo rm 

u(r, z)=ch~* l - - z / c h ~ . _ l  , (11) 
a g 

which is exactly the solution given by the one-dimensional  approximat ion  (9) with conditions of the type (2). 
T h e r e f o r e ,  it becomes  evident that the one-d imens iona l  solution resu l t s  explicit ly f rom the solution of the 
two-d imens iona l  p rob lem for a double rod with sma l l  values of the ]3iot c r i t e r ion .  

By using the data in the tab le ,  the influence of the radius  on the t e m p e r a t u r e  dis t r ibut ion for sma l l  Bi 
can be es tabl ished,  the t e m p e r a t u r e s  obtained by using the one-d imens ional  approx imat ion  (11) and in the s o -  
lution of the appropr i a t e  two-d imens iona l  p rob lem (4) can be compared ,  and s t r i c t  quanti tat ive limits for  the 
appl icabiI i ty  of the one-d imens iona l  approximat ion  method can a lso  be se t  up. The compar i son  is ca r r i ed  out 
~or the su r f ace  t e m p e r a t u r e  u (a, z) and the t e m p e r a t u r e  u(0, z) on the axis of the double cyl inder .  Graphs of 
the  dependences Ulr= a - -  Uone and Uon e - -  Ulr=0 a r e  r ep resen ted  in the Fig.  1 for  t h r ee  cha rac t e r i s t i c  values 
of kh and Bi = 0.05. An analys is  of these  dependences shows that  the absolute  e r r o r  of the one-d imens ional  
approx imat ion  does not exceed 0.023070 --  T m) for the most  unfavorable  case  in kh (kh = 10.0). The absolute 
e r r o r  of the one-d imens iona l  approximat ion  gradual ly  inc reases  with the inc rease  in the number  Bi and reaches  
the quantity 0.0780?o --  Tin) for  Bi = 0~ and kit = 10.0~ The values of the re la t ive  e r r o r s  a r e  hence 2.9 and 
17.5%, r e spec t ive ly .  
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Fig. i. Comparison between the one-dimensional  approximation 
and the exact two-dimensional  solution for three  charac te r i s t i c  
values ofk~t : a) k X =0.1; b) 1.0; e) 10.0 for  ka=0.5 and Bi=0.05. 

An important charac te r i s t ic  for many applied problems is the ra t io  between the t empera tu re  of the double 
rod and the t empera tu re  of a homogeneous rod at corresponding sect ions .  This charac te r i s t ic  is called the 
t empera tu re  efficiency [6]. The tabular  data permit  determinat ion of the t empera tu re  efficiency of the double 
rods under considerat ion.  Thus, the t empera tu re  efficiency increases  f rom 0.84 to 1.15 for Bi = 0.05 and k~. 
varying between 0.1 and 10.0. 

Computations for double rods in the presence  of a contact r e s i s t ance  between the inner and outer cylin-  
ders indicate the lack of its influence of the t empera tu re  distr ibution for smal l  ]3i. 

It must be noted that the grea tes t  deviations from the one-dimensi0nal  solution a re  observed near the 
base,  especially in the case of long cylinders ( l / a  = 5.0 and I / a  = 10.0), which permits  representa t ion  of the 
t empera tu re  field s t ruc tu re  in a f irst  approximation as a quasi -one-dimensional  solution with a boundary- layer  
cor rec t ion  (in the Vishik--  Lyusternik sense) at this base [3]. This permits taking account of the dependence 
of the t empera tu re  on the t r ansve r se  coordinate and a substantial  diminution in the e r ro r  of the one-dimen-  
sional model.  

Meanwhile, the mentioned quasi-one-dimensional  formulas with a smal l  cor rec t ion  along the radius can 
also be obtained without turning to the exact solution (4) by direct  asymptotic  integration of the initial mult i-  
dimensional problem, by using singular perturbat ion methods [7], for example. 

NOTATION 

T, absolute t empera ture ;  z, coordinate along the rod length; r ,  radial  coordinate;  I ,  linear dimension; 
c~, coefficient of heat emission;  e, emissivi ty;  ~, S te fan- -Bol tzmann constant; T o = const, t empera tu re  of 
the lower base;  u = (r -- Tm)/(T 0 --  Tm), dimensionless t empera ture ;  ~1", approximate value of the root/zl ;  
Jo(x), J1 (x), Yo(x), YI (x), Bessel  functions of the f i rs t  and second kinds ; B i  = a a~ s Biot cr i ter ion;  ks = k l /  
s k a  = r l / a ,  dimensionless  coefficients.  Indices:  m, surrounding medium; 1, inner cylinder;  2, outer 
cylinder;  n, appropr ia te  member  of the s e r i e s .  
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T E M P E R A T U R E  C O N D I T I O N S  O F  R O C K  E X C A V A T I O N  

B .  A .  K r a s o v i t s k i i  a n d  F .  S .  P o p o v  LrDC 622.536.2 4:536.244 

Heat exchange is considered between ventilating a i r  and mining rocks  in the case  of va r i ab le  a i r  
t e m p e r a t u r e  at the rock  excavat ion en t rance .  Fo rmulas  a r e  given for  the t e m p e r a t u r e  of the 
venti lat ing a i r  accord ing  to the extent of exploitat ion.  

In developing deep pits with s e a m s  of high t e m p e r a t u r e  as well  as in many  pits in the Fa r  North that  
have s e a m s  of low t e m p e r a t u r e  the need a r i s e s  for  regulat ing the t e m p e r a t u r e  of the venti lat ing a i r .  The 
p rob lem thus a r i s e s  of de te rmin ing  the t e m p e r a t u r e  of the ventilating a i r  along the length of the underground 
excavat ion at d i f ferent  t i m e  ins tants .  An exact solut ion of this p rob lem which can be obtained by using the 
operat ional  calculus is ve ry  c u m b e r s o m e .  Severa l  hours of machine t i m e  a r e  needed to se t  it on an M-220 
e lec t ronic  compute r .  Numerous approx imat ion  methods have been proposed to find the solut ion.  It was pr 0-  
posed in [1] that  the nonsta t ionary  heat exchange be taken  into account between the a i r  and the mined rocks  
with the aid of a coefficient  of nonsta t ionary  heat exchange; to de t e rmine  the la t ter  a dependence was assumed  
which was an approx imat ion  to the exact solut ion.  In [2] the formula  for  the nonsta t ionary exchange coefficient  
was obtained by approximat ing  the solution of the p rob lem under cons idera t ion  on a hydro in tegra to r .  In the 
presen t  a r t i c l e  the  in tegra l  method [3] is used to so lve  the hea t -exchange  p rob lem between the ventilating a i r  
and the mined rocks  which, as shown below, produces  a good ag reemen t  with the exact solut ion.  The  solution 
is obtained for the case  of va r i ab le  a i r  t e m p e r a t u r e  at the mining opera t ion  en t rance .  

The  equation of the  heat flow of the venti lat ing a i r  at the product ion face  is given by 

OT 2 % O0 I ~_ ~rq_~__o ' 

%=~ = T~ ( 0 .  

I n t h e  above,  q denotes the power of the in ternal  heat sources  per  one m e t e r  of output face .  
s ion  due to m o i s t u r e  condensat ion or to var ious  operat ing devices ,  etc. ,  can a l so  be included. 

The  heat-conduct ion equation for  the rock  m a s s  surrounding the face  is 

00 at- ( ~  a0-, -= 020~ = a  �9 (3) 

0!~=0 = O M , 

z 0~~176 ~=,o = + zn ] (0f~=r~ - -  73. 

(1) 

(2) 

Here  heat e m i s -  

(4) 
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